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The goal of this paper is to perform a general analysis of $\documentclass[12pt]{minimal}
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In Sect. [3](#Sec15){ref-type="sec"} we focus on the BS metric, which has isometry group $\documentclass[12pt]{minimal}
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See Theorems [4](#FPar23){ref-type="sec"} and [7](#FPar49){ref-type="sec"} for more precise statements and an explicit formula for the instantons, and see Corollary [1](#FPar17){ref-type="sec"} for a classification of the reducible instantons. Here we mention that Clarke's $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar3}
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The more precise version of this result appears as Theorem [9](#FPar56){ref-type="sec"} and Corollary [3](#FPar59){ref-type="sec"}. It is typical in gauge theory to assume a bound on the curvature of the connection. One might be tempted to impose an $\documentclass[12pt]{minimal}
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In this section we derive the ordinary differential equations (ODEs) which describe invariant $\documentclass[12pt]{minimal}
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Evolution equations {#Sec5}
-------------------

In the work to be developed it is relevant to analyze the case when $\documentclass[12pt]{minimal}
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The evolution equation and the constraint follow immediately from equations ([2.5](#Equ7){ref-type=""}) and ([2.6](#Equ8){ref-type=""}). To prove that the constraint is preserved by the evolution we compute$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d}{dt} \left( F_a \wedge \omega ^2 \right)&= d_a \dot{a} \wedge \omega ^2 + F_a \wedge \frac{d}{dt}\omega ^2 = d_a (\dot{a} \wedge \omega ^2) -2 F_a \wedge d \Omega _2\\&= 2 d_a(F_a \wedge \Omega _2) - 2 F_a \wedge d \Omega _2 = 0, \end{aligned}$$\end{document}$$where we used ([2.2](#Equ4){ref-type=""}), ([2.3](#Equ5){ref-type=""}), ([2.7](#Equ9){ref-type=""}) and the Bianchi identity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_a F_a=0$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Proposition 1 {#FPar6}
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This is immediate from applying the Cauchy--Kovalevskaya theorem to ([2.7](#Equ9){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

SU(2)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$^2$$\end{document}$-invariant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_2$$\end{document}$-manifolds of cohomogeneity-1 {#Sec6}
----------------------------------------------------------------------------------------------

In this section we shall give a self-contained exposition of all the known complete SU(2)$\documentclass[12pt]{minimal}
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#### Remark 1 {#FPar8}
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### The Brandhuber et al. (BGGG) metric {#Sec8}
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In this setting, the geometry at infinity presents a new feature (that also exists in the BB manifolds below): there is a circle that remains of finite length at infinity. More precisely, the metric is asymptotic to a metric on a circle bundle over a 6-dimensional cone with the fibres of the fibration having constant finite length. The length of this circle is the limit of $\documentclass[12pt]{minimal}
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### The Bazaikin--Bogoyavlenskaya (BB) metrics {#Sec9}
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#### Remark 2 {#FPar9}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_2$$\end{document}$-instantons on ALC $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_2$$\end{document}$-manifolds are asymptotic to Calabi--Yau monopoles on the Calabi--Yau cone. See \[[@CR21]\] for some examples and results on Calabi--Yau monopoles in the asymptotically conical and conical settings.

Homogeneous bundles and invariant fields {#Sec10}
----------------------------------------

We will now classify invariant connections on bundles over the SU(2)$\documentclass[12pt]{minimal}
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We start with a review of the general setup on a homogeneous manifold *K* / *H*. First, *K*-homogeneous *G*-bundles over *K* / *H* (which will be our principal orbits) are determined by their isotropy homomorphism. These are group homomorphisms $\documentclass[12pt]{minimal}
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### Remark 3 {#FPar10}
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### Lemma 2 {#FPar11}

The curvature of the connection *a*(*t*) above on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_a= & {} \sum _{i=1}^3 \left[ a_i^+, a_i^-\right] \otimes \eta _i^+ \wedge \eta _i^- \\&+\sum _{i=1}^3 \left( \left( -2 a_i^+ + \left[ a_j^+, a_k^+\right] \right) \otimes \eta _{j}^+\wedge \eta _{k}^+ + \left( -2 a_i^+ + \left[ a_j^-, a_k^-\right] \right) \otimes \eta _{j}^-\wedge \eta _{k}^- \right) \\&+ \sum _{i=1}^3 \left( \left( -2 a_i^- + \left[ a_j^-, a_k^+\right] \right) \otimes \eta _{j}^- \wedge \eta _{k}^+ + \left( -2 a_i^- + \left[ a_j^+, a_k^-\right] \right) \otimes \eta _{j}^+ \wedge \eta _{k}^- \right) , \end{aligned}$$\end{document}$$where in the summation above (*j*, *k*) is such that (*i*, *j*, *k*) is a cyclic permutation of (1, 2, 3).

### Proof {#FPar12}

We can compute the curvature via $\documentclass[12pt]{minimal}
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--------------------------------------------------------------------
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### Lemma 3 {#FPar13}

Let (*i*, *j*, *k*) denote cyclic permutations of (1, 2, 3). Using the notation from ([2.13](#Equ15){ref-type=""}) and ([2.27](#Equ29){ref-type=""}), the evolution Eqs. ([2.5](#Equ7){ref-type=""})--([2.6](#Equ8){ref-type=""}) for SU(2)$\documentclass[12pt]{minimal}
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Elementary solutions {#Sec12}
--------------------
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### Flat connections {#Sec13}
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### Abelian instantons {#Sec14}
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#### Proposition 2 {#FPar15}
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#### Proof {#FPar16}
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In the BS or BGGG case, we can evaluate the integrals in Proposition [2](#FPar15){ref-type="sec"} to give the following.
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#### Remark 4 {#FPar18}

Of course, for any abelian gauge group all Lie brackets vanish and the ODE system decouples into several independent linear ODEs for instantons on circle bundles. Hence, the construction of abelian $\documentclass[12pt]{minimal}
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### Lemma 4 {#FPar21}
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Solutions and their properties {#Sec18}
------------------------------
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### Compactness properties of the moduli of solutions {#Sec22}
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#### Corollary 2 {#FPar35}
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#### Remark 8 {#FPar37}

The sequence of instantons with curvature concentrating along the associative $\documentclass[12pt]{minimal}
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=======================================================================================================================
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---------------------------------------------------------------------------------------------

We shall now rewrite the ODEs from Lemma [3](#FPar13){ref-type="sec"} in this $\documentclass[12pt]{minimal}
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### Remark 9 {#FPar40}
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Solutions {#Sec26}
---------
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#### Lemma 6 {#FPar46}
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#### Remark 11 {#FPar48}
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#### Remark 14 {#FPar61}
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#### Remark 15 {#FPar64}
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In this appendix, we use Eschenburg--Wang's technique \[[@CR12]\] to determine when a metric or connection extends smoothly over a singular orbit $\documentclass[12pt]{minimal}
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A.1: Metrics {#Sec30}
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### Remark 16 {#FPar65}
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### Lemma 8 {#FPar66}
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### Remark 17 {#FPar67}

In fact, for our applications there is no restriction in having the metrics above being real analytic instead of smooth. As $\documentclass[12pt]{minimal}
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Using Lemma [8](#FPar66){ref-type="sec"} and Eqs. ([2.16](#Equ18){ref-type=""})--([2.19](#Equ21){ref-type=""}) we can compute the first order terms in the Taylor expansion for a metric with holonomy $\documentclass[12pt]{minimal}
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### Example 1 {#FPar68}
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### Example 2 {#FPar69}
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The rest of this Appendix is concerned with the proof of Lemma [10](#FPar71){ref-type="sec"}.
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The nomenclature "Hitchin flow" is somewhat misleading since the system ([2.2](#Equ4){ref-type=""}) is not parabolic in any usual sense and it does not satisfy the typical regularity properties of geometric flows \[[@CR4]\].
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